The classi cation of adiabatic modes of nonradial stellar oscillation was established by Cowling (1941) . In addition to acoustic and gravity modes he identi ed an intermediate mode, which he labelled the f mode, and which in simple stellar models has no radial node. The motion of a dipolar f mode (of spherical-harmonic degree l = 1) shifts the centre of mass, and must have zero frequency. On the other hand, if the perturbation to the gravitational potential is neglected (the case considered by Cowling) the f mode has a frequency intermediate between those of the gravity and acoustic modes; this is true of modes of any degree (l 1). Here we consider the properties of the dipolar f mode, elucidating the origin of these di erences through continuous transformations between the various relevant cases; in addition, we discuss the broader issues of the classi cation of modes of nonradial oscillation.
INTRODUCTION
The analysis of adiabatic stellar oscillation spectra is greatly aided by reliable schemes for identifying the modes of oscillation. In a spherically symmetric star, this requires the speci cation of three characteristic numbers. Of these, two, the degree l and azimuthal order m, de ne the spherical harmonic Y m l ( ; ) which characterizes the dependence of the mode on colatitude and azimuthal angle . The third number, the radial order n, characterizes the behaviour in the radial direction. Observationally, l and m may, at least in principle, be determined directly from the behaviour of an oscillation over the stellar surface, whereas n can at best be inferred indirectly, from the distribution of the oscillation frequencies.
From a physical point of view, the modes of oscillation can be broadly divided into two groups: the acoustic modes (or p modes) for which the dominant restoring force is pressure, and the gravity modes (or g modes) where the restoring force is buoyancy z . It is evident that p modes are possible ? E-mail: jcd@ifa.au.dk, douglas@ast.cam.ac.uk y Present address z The buoyancy force is restoring in regions where the buoyancy frequency(Brunt-Vais al afrequency)N is real { at least in the case where the perturbation to the gravitational potential is negligible { and it is these regions that support oscillatory g modes. In addition, in convectively unstable regions, where N is imaginary, at all l whereas in g modes the action of buoyancy requires horizontal variation, i.e., l > 0. The basic properties of these modes were established by Cowling (1941) ; the p modes have the higher frequencies which increase as the number of radial nodes increases, whereas the g modes have the lower frequencies, which decrease towards zero as the number of radial nodes increases. In addition, Cowling established numerically for a polytrope of index 3 that for each l there lies between the p and the g modes an intermediate mode, with no radial node in the radial displacement eigenfunction. He labelled it the f mode.
Following Cowling one can label the modes in a (complete) spectrum with given degree l by rst ordering the modes according to their frequency and then assigning consecutive values of n to consecutive modes: the f mode is assigned n = 0, so that p modes all have n > 0 and g modes have n < 0. For many simple models, such as unevolved stellar models or polytropes of relatively low central condensation, the number of nodes in the eigenfunctions of adjacent modes in a spectrum of any given l di er by unity.
The magnitude jnj of the order is then simply the number of radial nodes in the vertical displacement eigenfunction. For models with greater central condensation, including polytropes of higher index ( > 3:37; see also Robe 1968) , that there are g modes that grow or decay exponentially in time; we do not concern ourselves with such modes in this paper c 1994 RAS simple relation does not hold; eigenfunctions can acquire extra nodes, and even the f mode is not necessarily node-free.
Although the assignment of consecutive values of n to consecutive modes in the spectrum might still be a viable classication procedure (provided one can ascertain the origin of n), it is evidently desirable to nd a procedure for classifying a single mode of oscillation by inspecting the eigenfunction. On the basis of a scheme developed by Eckart (1960 ), Scu aire (1974 and Osaki (1975) proposed a procedure for determining n for computed modes of oscillation; here the (signed) mode order is obtained by considering the behaviour of the solution in a phase plane based on the radial component of displacement and the Eulerian perturbation to pressure. The procedure is able to deal appropriately with the case of mixed modes such as arise in evolved stars where a given mode might have the character of a g mode in some parts of the star and the character of a p mode elsewhere. It is quite simple to analyse the procedure in the so-called Cowling approximation, in which the Eulerian perturbation to the gravitational potential is neglected. Then the system of equations of adiabatic stellar pulsation is of second order, and can be cast essentially in the form of a Sturm-Liouville problem (e.g. Cowling 1941) . In this case it can be shown that the Eckart classi cation has the desirable property of being invariant under continuous variations of the equilibrium model. Thus, in particular, a given mode maintains its classi cation as the star evolves (e.g. Christensen-Dalsgaard 1978; Gabriel & Scu aire 1979) .
The situation is di erent when the full problem, including the perturbation to the gravitational potential, is considered. It has been found numerically that problems arise for l = 1, in Scuti stars (Lee 1985) and in evolving 1 M models (e.g. Guenther 1991), as well as in highly centrally condensed polytropic models (Christensen-Dalsgaard & Mullan 1994) . Thus, at the moment there appears to be no generally satisfactory method for assigning a value of n to solutions of the full set of adiabatic oscillation equations (although Lee demonstrated that for his particular case a more stable procedure could be obtained by replacing the radial displacement by the Lagrangian perturbation to the gravitational potential).
A related problem concerns the f mode, which was identi ed rst by Cowling (1941) . In the Cowling approximation, or for l 2, it is found with a frequency between those of the g modes and the p modes; in simple models the f mode has no radial node. For dipolar (l = 1) oscillations a mode with no radial node in the vertical displacement necessarily displaces the centre of mass of the star. In the Cowling approximation this evidently corresponds to the oscillation of the star in the xed gravitational well of the equilibrium model. However, in the full, physical case, the only allowed motion of the centre of mass has constant velocity and hence corresponds to the limit of an oscillation with zero frequency (see also Christensen-Dalsgaard 1976) ; in this case, therefore, there is no mode between the g modes and the p modes. This, then, raises the question of the relation between the l = 1 oscillation spectra in the Cowling approximation and in the full case, or indeed between the spectra for l = 1 and l = 2.
To investigate this question, we draw inspiration from the invariance of the Eckart classi cation to continuous transformations, and consider continuous transitions between the Cowling approximation and the full problem in which the e ect of the perturbation to the gravitational potential is included. We consider also the transition between modes of degree 1 and degree 2. Although not providing a full solution to the problem of mode classi cation, the results do yield illuminating insights into the properties of the oscillations, out of which such a solution may eventually arise.
PROPERTIES OF LOW-DEGREE OSCILLATIONS 2.1 Equations of adiabatic stellar oscillations
After separation of the temporal and angular variables we write the equations in the form (e.g., Unno et al. 1989 
Also, p, , 1, c and g are equilibrium pressure, density, rst adiabatic exponent, adiabatic sound speed and gravitational acceleration, respectively, and G is the gravitational constant. We note that the equations do not contain the azimuthal order m, and therefore the eigenfrequencies are independent of m.
The equations are supplemented by four boundary conditions. Two of these ensure regularity of the solution at the singular point r = 0. At the surface of the model (r = R), where we assume that = 0, we adopt the dynamical condition that the Lagrangian pressure perturbation vanishes; moreover, 0 and its derivative must match continuously onto the vacuum solution outside the star, implying d 0 dr + l + 1 r 0 = 0 at r = R :
In equations (1) and (2) we have introduced a gravitational dilution factor . When = 1 equations (1) { (4) describe the full problem; when = 0 the gravitational potential perturbation is ignored in the dynamical equations (1) { (2), and the system reduces to the Cowling approximation. Thus, varying from 0 to 1 provides a continuous transition from the Cowling approximation to the full case.
We note that although from a physical point of view l must be a non-negative integer, the separated oscillation equations (1) { (4) are formally valid for any value of l. As c 1994 RAS, MNRAS 000, 1{8 discussed below, we may take advantage of this to obtain a continuous link between oscillation spectra for di erent degrees (see also Vandakurov 1967a; Roth & Weigert 1979) . To illustrate the properties of the oscillation frequencies we consider two equilibrium models: a polytrope of index 3 and a model of the present Sun, namely Model S of Christensen-Dalsgaard et al. (1996) . The results are presented in terms of the squared dimensionless frequency 2 = R 3 GM ! 2 ;
where R and M are the surface radius and the total mass of the models.
2.2 The e ect of the gravitational potential perturbation Figure 1 shows dipolar frequencies of a polytrope of index 3, plotted against the factor . Evidently, the e ect of increasing , and hence the e ect of 0 , is to decrease the frequencies, as would indeed be expected on physical grounds. However, the most striking aspect of the results is the segment of the solution that converges towards 2 = 0 as ! 1.
Where it joins with the other`normal' segments the frequencies undergo avoided crossings, approaching each other quite closely as varies without actually crossing; this is most clearly visible in the expanded view in the right-hand panel.
Such avoided crossings are a common property of eigenvalues of linear operators that depend on a parameter and admit more than one class of solutions (for an early analysis, see von Neuman & Wigner 1929). For stellar oscillations, typical examples are the interaction between p modes and g modes in evolving models of stars with convective cores (e.g. Osaki 1975; Dziembowski & Pamjatnykh 1991) . Analyses of properties of avoided crossings were presented by Christensen-Dalsgaard (1980 , 1981 . We return to the physical interpretation of the present results in Section 3 below. For these oscillations the Eckart classi cation can be applied with no apparent problem, including the spectrum for l = 1. The classi cations so obtained have been indicated in some cases in Figure 1 , p and g modes being labelled pn and g jnj , respectively, where n is the signed radial order.
It is evident that as passes from 0 to 1 the order jnj of the g modes increases by 1, according to the Eckart classication, the f mode is converted into the g1 mode, whereas the classi cation of the p modes is unchanged. Thus the Eckart classi cation is certainly not invariant to this continuous transformation. On the other hand, the right-hand panel of Figure 1 shows that for high-order g modes the frequencies of modes with a given Eckart order, on either side of the transition, are very similar; the same is true of the eigenfunctions and p 0 .
Corresponding results for the realistic solar model are shown in Figure 2 . The general behaviour is similar to what was found for the polytropic model; in particular, the g modes undergo avoided crossings bounding a solution segment whose frequency tends to zero as ! 1, which we call the f-like segment. However, in this case the p1 mode is also involved in a close avoided crossing, with the mode that is classi ed as the f mode at = 0 and the g1 mode at = 1. This e ect is likely to be the outcome of the general increase in the g-mode frequencies, compared with those of the poly- tion (see also Fig. 1 ). The lower panel shows radial-displacement eigenfunctions , on an arbitrary scale, as functions of fractional radius r=R, for the modes marked by diamonds in the upper panel; for clarity the curves have been shifted, the zero-levels being indicated by thin horizontal lines.
trope, resulting both from the greater central condensation in the solar model and the increased buoyancy frequency at the edge of the energy-generating core caused by the gradient in the mean molecular weight resulting from the burning of hydrogen.
The behaviour of the eigenfunctions is illustrated in the lower panel of Figure 3 , for the polytropic model; the upper panel is an expanded view of the corresponding frequency variation with . As indicated, the rst eigenfunc-tion, labelled (a), corresponds to the situation just before the avoided crossing, where the mode behaves predominantly as a g mode. With increasing , the variation is suppressed and the eigenfunction is shifted away from zero, most pronounced at (c); as is increased further, the solution again becomes increasingly oscillatory, and at (e) it has regained the g-mode character, although now with an additional node. Consequently the Eckart classi cation changes from g4 before the avoided crossing to g5 after it. Also, it is evident that a classi cation based on zeros in the displacement is meaningless during the transition. The behaviour of the eigenfunctions illustrated in Figure 3 is characteristic of avoided crossings: at an avoided crossing the nature of the interacting modes is interchanged, in this case between an oscillatory g mode and the slow variation with r on the f-like segment. The fact that for the latter solution the radial displacement is nearly constant strongly suggests that it corresponds, in the limit of ! 1, to the mode representing a uniform translation. We demonstrate in Section 3 that this is indeed the case.
Continuous variations of degree
In the full case, in which the perturbation to the gravitational potential is fully included, it is only for l = 1 that the f mode has zero frequency, and does not lie between the g modes and the p modes. We have shown how, as is increased from zero to unity, the f-like segments of the frequency spectrum pass between all the g modes. The same must be the case if l is regarded as a parameter which is varied continuously from 2 to 1. This is illustrated in Figures 4 and 5 in which 2 is plotted against l, for both the polytrope and the solar model. To show also the relation to the spectrum of radial modes, the full range in l between 0 and 2 is included. Again the transition involves a sequence of avoided crossings, bounding segments in which 2 ! 0 as l ! 1. All frequencies decrease with decreasing l; obviously, the g-mode frequencies tend to zero at l = 0. We note that the p1 mode at l = 2 and l = 1 is linked continuously to the gravest radial mode. This indicates that the latter must be assigned the order n = 1 for consistency with the general nonradial oscillation spectrum, in contrast to the frequent practice of labelling it with n = 0. This has been pointed out before by Vandakurov (1967a) .
The behaviour for the solar model (Fig. 5) is very similar, although, as in the case of varying , it involves interaction between the p1 mode and the f or g1 mode.
ANALYSIS OF THE RESULTS
The asymptotic behaviour of the g modes in the Cowling approximation is well known (e.g. Vandakurov 1967b; Tassoul 1980) . In the relatively simple case in which there is just one radiative region in the star, bounded by r = r1 and r = r2 > r1, the frequencies satisfy 
were N is the buoyancy frequency, given by N 2 = g 1 1p dp dr ? 1 d dr ; (8) and g is an l-dependent phase shift. Thus in this case the oscillation periods are asymptotically uniformly spaced in jnj, when jnj is large enough to dominate g, with a spacing that decreases with increasing degree. This regular structure is evident in Figures 1 and 2 , and 4 and 5: when is varied the frequencies are essentially unchanged away from the avoided crossings, while Figures 4 and 5 show clearly the expected dependence on degree.
From here on we shall use m to denote the mass variable of the equilibrium stellar model, which satis es dm dr = 4 r 2 ; (9) rather than the azimuthal order of the mode of oscillation (on which the eigenfrequencies do not depend), so that g = Gm=r 2 .
To analyse the f-like segments, we note that the limit 
In the second of equations (12) and (13), we used equation (11) 
It is easily seen, by direct substitution, that the solution given by equation (11) satis es this equation, as well as the boundary condition (5); moreover that solution is unique to within a constant multiplicative factor.
We now expand about this solution, by assuming 1 ? , l ? 1 and ! 2 to be small quantities. Thus we write l = 1+(l ?1), = 1?(1? ); = 0 + 1 +:::, p 0 = p 0 0 +p 0 1 +:::, etc., and for simplicity we assume that l ? 1 and 1 ? , and hence ! 2 , are of the same order of smallness. In addition, we assume the solution not to be rapidly varying, so that di erentiation does not change the order of smallness. Then the rst-order terms in equations (1) and (2) With the help of equation (17) 
A necessary (and su cient) condition for the existence of the solution to equations (18) 
DISCUSSION AND CONCLUSIONS
The Cowling approximation, in which the Eulerian perturbation to the gravitational potential is neglected, has played an important role in the asymptotic treatment of adiabatic stellar oscillations: it reduces the order of the equations to two and thereby makes available many standard techniques of asymptotic analysis. A common qualitative argument for the applicability of the approximation for modes of high order is based on the near cancellation of the gravitational e ects in modes with rapid spatial variation. Although the results of numerical computations support this (e.g. Robe 1968; Christensen-Dalsgaard 1991) the argument is of somewhat doubtful validity: by reducing the order of the di erential system from four to two, two solutions (of which one in general satis es the regularity condition at the centre) are eliminated, and it is not obvious that these solutions might not under some circumstances have signi cant e ect on the modes, even at high order.
The analysis carried out here shows that there are indeed circumstances where care is needed. The investigation arose from the apparent discrepancy between the frequency spectrum for dipolar modes in the Cowling approximation, which includes an f mode intermediate between the p modes and the g modes, and the spectrum in the full case, where no such mode is present. By making mathematically well de ned continuous transitions between the two cases, we have shown that the computed eigenfrequencies change continuously, in such a way that the f mode in the Cowling approximation shifts into what is usually regarded as the g1 mode of the full case, with a corresponding shift of the rest of the g-mode spectrum. The transition takes place via avoided crossings with a segment of solutions which tends towards the linear representation of uniform translation of the star, with constant velocity and hence zero frequency.
A similar transition occurs when the degree l, regarded as a real parameter of the separated oscillations equations, is varied continuously from 2 to 1. During the avoided crossings, therefore, a slowly varying part of the solution is important, even at low frequency, and hence the perturbation to the gravitational potential plays a substantial role. Interestingly, however, in the physically realistic case of full inclusion of the potential perturbation for l = 1, there seems to be little contribution from this slowly varying component: for highorder g modes the computed frequencies and eigenfunctions are in fact very close to those obtained in the Cowling approximation, as was found previously.
This behaviour is closely related to problems in classifying modes of oscillation by procedures counting the numbers of zeros in suitable components of the eigenfunctions. Commonly used schemes tend to break down for dipolar modes in models with large central condensation, such as highly evolved stars or polytropes of high polytropic index; the problems arise because the eigenfunctions are shifted in such a way that some of the zeros disappear as shown, for example, in Fig. A1 of Christensen-Dalsgaard & Mullan (1994) ; see also Guenther (1991) ]. It is plausible that this is caused by the presence of a signi cant contribution from the slowly varying part of the solution. One might hope that this insight, if con rmed, can lead to procedures that are insensitive to this e ect.
Although classi cation problems appear to arise mainly when l = 1, we note that Goossens & Smeyers (1974) found a similar behaviour for g modes with l = 2 in a composite polytropic model consisting of two convectively stable layers separated by a strongly unstable layer; here, also, the eigenfunctions were shifted by a slowly varying contribution. The relation to the behaviour discussed in the present paper is not entirely clear; however, in the case considered by Goossens & Smeyers the shift apparently occurred only in regions where the amplitude of the mode was very small, as a result of the strong g-mode trapping caused by the convectively unstable layer. We have here been concerned mainly with the mathematical properties of adiabatic oscillations, including the problem of de ning a mathematically consistent labelling of the modes. It is important to emphasize that the mathematical classi cation often does not re ect the physical nature of the modes (see, for example, Osaki 1975) . Of relevance in the present case are the properties of the f modes for moderate and large degrees. At high degree the f modes have essentially the character of surface gravity waves, with frequencies satisfying 2 l. This branch of solutions can be followed numerically to quite low degree; here, however, the frequency is so low that the modes, in the formal classication, are labelled as g modes whose order increases as l decreases, through a sequence of avoided crossings with the (physical) g modes. For low and moderate degree the modes formally labelled as f modes have the physical nature of g modes, which for moderate l are strongly trapped in the stellar interior. This behaviour was discussed in some detail by Christensen-Dalsgaard (1980) .
Although of a somewhat formal nature, investigations of the mathematical properties of stellar adiabatic oscillations are of substantial importance to our understanding of the nature of the oscillations and their relation to the structure of the star. Such insight is crucial to the use of stellar oscillation frequencies for asteroseismic investigations of stellar interiors. We hope that the present analysis has made some contribution to this understanding, although it is evident that it is far from providing a complete description of these subtle properties, even for simple stellar models.
